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Abstract. Using the framework of kerneUzation we study whether effi- 
cient preprocessing schemes for the Treewidth problem can give prov- 
able bounds on the size of the processed instances. Assuming the AND- 
distillation conjecture to hold, the standard parameterization of Tree- 
width does not have a kernel of polynomial size and thus instances (G, k) 
of the decision problem of Treewidth cannot be efficiently reduced to 
equivalent instances of size polynomial in k. In this paper, we consider dif- 
ferent parameterizations of Treewidth. We show that Treewidth has 
a kernel with 0{£'^) vertices, where £ denotes the size of a vertex cover, 
and a kernel with 0(£'^) vertices, where £ denotes the size of a feedback 
vertex set. This implies that given an instance (G, k) of Treewidth we 
can efficiently reduce its size to 0{{£*)'^) vertices, where £* is the size of a 
minimum feedback vertex set in G. In contrast, we show that Treewidth 
parameterized by the vertex-deletion distance to a co-cluster graph and 
Weighted Treewidth parameterized by the size of a vertex cover do 
not have polynomial kernels unless NP C coNP/poly. Treewidth pa- 
rameterized by the target value plus the deletion distance to a cluster 
graph has no polynomial kernel unless the AND-distillation conjecture 
does not hold. 

1 Introduction 

Treewidth is a well-studied graph parameter, with many theoretical and practical 
applications. A related parameter is Weighted Treewidth, where vertices have 
weights, and the width of a tree decomposition is the maximum over all bags 
of the sum of the weights of the vertices in a bag minus one. In this work we 
study the decision problems related to these width parameters, which given a 
graph G and integer k ask whether the (weighted) treewidth of G is at most k. 
For precise definitions, see Section [2j 

Preprocessing heuristics for Treewidth and Weighted Treewidth have 
been studied in a practical setting |8I9I18) . The experimental results reported in 
these papers show that there are preprocessing heuristics that give significant 
reductions in size for many practical instances, making it more feasible to com- 
pute, exactly or approximately, the treewidth of those graphs. However, these 
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heuristics do not give any guarantees on the effectiveness of the preprocessing: 
there is no provable bound on the size of the processed instances. The purpose 
of this work is to give a theoretical analysis of the potential of preprocessing 
for Treewidth, studying whether there are efficient preprocessing procedures 
whose effectiveness can be proven, and what the resulting size bounds look like. 
Such investigations are made possible using the concept of kernelization |20j . 
which is a relatively young subfield of algorithm design and analysis. A ker- 
nelization algorithm (or kernel) is a polynomial-time algorithm which given an 
instance (x, fc) e S* x N of some parameterized problem, computes an equivalent 
instance (a;', fc') whose size is bounded by a function /(fc) depending only on the 
chosen parameter, i.e., < /(fc). The function / is the size of the kernel, 

and polynomial kernels (/ € fc^*^^)) are of particular interest. 

From a theoretical point of view, the fact that Treewidth belongs to FPT 
(see for instance |3l21j ). implies that there is a kernel for the problem. How- 
ever, the size of such a kernel depends on the function of the parameter in the 
running time of the FPT algorithm; with the current state of FPT algorithms 
for Treewidth this size would be exponential in k^ (where k is the target 
treewidth). Bodlaender et al. [B] have shown that Treewidth with standard 
parameterization (i.e., parameterized by k) has no polynomial kernel unless all 
coNP-complete problems have distillation algorithms; hence it is unlikely that 
there is a polynomial-time algorithm that reduces the size of an instance (G, k) 
of Treewidth to a polynomial in the desired treewidth k. We therefore turn to 
other parameters (e.g., the vertex cover number of the input graph), and deter- 
mine whether we can efficiently shrink an input of Treewidth to a size which 
is polynomial in such a parameter. We consider different structural parameters 
of the input graph: these parameters measure the number of vertex deletions 
needed to transform the input into a graph of some very simple graph class. 
All parameterized problems we consider fit the following template, where J-" is a 
class of graphs: 

Treewidth parameterized by a modulator to J" 

Instance: A graph G ~ {V,E), a positive integer k, and a set S C V 

such that G — S E T. 

Parameter: £ \S\. 

Question: tw(G) < k? 

The set 5 is a modulator to the class J-. 

Our work. In this paper, we add positive theoretical results to the positive exper- 
imental work. Our theoretical results can possibly be of practical value, but an 
experimental evaluation has not yet been undertaken. We first take as parameter 
the size of a vertex cover of G, resulting in the problem Treewidth parame- 
terized BY A VERTEX COVER (which fits into the given template when using T 
as the class of edgeless graphs). We prove that this problem admits a polynomial 
kernel with 0{£'^) vertices. Since we can first compute a 2-approximation for the 
minimum vertex cover and then feed this to our kernelization algorithm, this im- 
plies that an instance (G, k) of Treewidth on a graph with a minimum vertex 
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cover of size I* can be shrunk in polynomial-time into an instance with C'((£*)'^) 
vertices, even if we are not given a minimum vertex cover in the input. 

We then turn to the parameter "feedback vertex number" , which is easily 
seen to be at most the value of the vertex cover number. We extend our positive 
results by showing that Treewidth parameterized by a feedback vertex 
SET (which fits the template when T is the class of forests) admits a kernel 
with 0{t) vertices. By using a polynomial-time 2-approximation algorithm for 
Feedback Vertex Set |2], we can again drop the assumption that such a set 
is supplied in the input. 

After these two examples it becomes an interesting question whether there 
is a parameter even smaller than the feedback vertex number in which the size 
of an instance can be bounded efficiently. Since Treewidth is trivially solv- 
able on chordal graphs, and the deletion distance to a chordal graph is at most 
the feedback vertex number, one might hope that Treewidth parameterized 
BY A MODULATOR TO CHORDAL GRAPHS admits a polynomial kernel. This ap- 
pears to be very unlikely. Assuming the AND-distillation conjecture |6j we prove 
the stronger statement that even when using the compound parameter "target 
treewidth plus the size of a given modulator to cluster graphs", Treewidth 
does not admit a polynomial kernel - recall that a cluster graph is a disjoint 
union of cliques. We also prove that Treewidth parameterized by a modu- 
lator TO CO-CLUSTER GRAPHS (the edge-complements of cluster graphs) does 
not admit a polynomial kernel unless NP C coNP/poly, and use this result to 
show that, under the same assumption, the Weighted Treewidth problem 
does not even admit a polynomial kernel when parameterized by the size of a 
vertex cover. It is interesting to note the difference between Treewidth and 
Weighted Treewidth when parameterized by vertex cover. 

Organization of the paper. After this introduction, we give preliminary defini- 
tions and results in Section [2j In Section [3j we show that Treewidth param- 
eterized BY A vertex cover has a kernel with 0{fi) vertices. To do so, 
we introduce a number of 'safe' reduction rules, that are variants of rules from 
existing treewidth algorithms and preprocessing methods, including rules that 
remove simpficial vertices. In Section |4j we turn to Treewidth parameter- 
ized BY A feedback VERTEX SET (of slze i) and show a kernel with 0{i*) 
vertices. A key role, in addition to variants of the rules for vertex cover, will be 
played by almost simplicial vertices and we will give a set of safe reduction rules 
that remove all those vertices. In Section [5] we present our lower bound results 
for Treewidth parameterized by distance from cluster respectively co-cluster 
graphs as well as for Weighted Treewidth parameterized by a vertex 
COVER; we build upon the recent framework of Bodlaender et al. [B] as well as 
the notion of cross-composition fT". Some final remarks are made in Section |6] 

2 Preliminaries 

In this work all graphs are finite, simple, and undirected. The open neighborhood 
of a vertex v £ V in a graph G is denoted by Nc{v), and its closed neighborhood 
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is Ng [v]. li S C V is a, vertex set then G — S denotes the graph obtained from G 
by deleting all vertices of S and their incident edges. A vertex v is simplicial in 
a graph G if Nq(v) is a clique. A vertex v € V is almost simplicial in a graph G 
if V has a neighbor w such that Ng{v) — {w} is a clique. In such a case, we call w 
the special neighbor of v. 

A tree decomposition of a graph G = (V, i?) is a pair ({X^ | i g /}, T = (/, i^)) 
with {Xi I J G /} a family of subsets of V , and T a tree on edge set F, such that 

-Ue7^. = ^^- 

— For all {w, w} G -E, there is an i G / with u, w G X;. 

— For all ?; G y, the set J^, = {i G / | w G Xi\ induces a subtree of T. 

The sets Xi are called the 6a(7s of the tree decomposition. The width of a tree 
decomposition (\Xi \ i G /jiT = {I,F)) is max^g/ — 1, and the treewidth 
of G is the minimum width of a tree decomposition of G. 

Suppose we have a graph G = (V, E) with a weight function it; : N. 
The weighted width of a tree decomposition ({X^ | i G /},T = {I,F)) of G 
equals max^g/ X^ds^st w{i) — 1, and the weighted treewidth of G is the minimum 
weighted width of a tree decomposition of G. 

A graph H = {W, F) is a minor of a graph G = (y, E), ii H can be obtained 
from G by a series of zero or more vertex deletions, edge deletions, and/or 
edge contractions. An edge contraction is the operation where two adjacent ver- 
tices w, w are replaced by one vertex with neighborhood {N{v) U N(w)) \ {v, w}. 
The following proposition is well known. 

Proposition 1. Let H be a minor of G. Then the treewidth of H is at most the 
treewidth of G. 

The kernelization algorithms we present consist of a number of reduction 
rules. In each case, the input to the rule is a graph G = (V, E), an integer k, and 
a deletion set S C V such that G — S* is a member of the relevant graph class J^, 
and the output is an instance (G' — {V , E'), k' , S'). A rule is said to be safe if for 
all inputs (G, k, S) which satisfy G - S* G J" we have tw(G) < k 4^ tw{G') < k' 
and G' — S' G J- . We will sometimes say that the algorithm answers yes or no; 
this should be interpreted as outputting a constant-size yes or no instance of 
the problem at hand, i.e., a clique on three vertices with k — 2, respectively the 
same clique with fc = 1. 

3 Kernelization with respect to vertex cover number: 
eliminating simplicial vertices 

In this section we show our kernelization for Treewidth parameterized by a 
VERTEX COVER (i.e., parameterized by a modulator to an independent set). The 
kernelization focuses mostly on simplicial vertices; removing them (and possibly 
updating a bound for the treewidth) is a well known and often used preprocessing 
rule for Treewidth; see the discussion in [9]. Another rule, first used in the 
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linear time algorithm for bounded treewidth in 3 adds edges between vertices 
with many common neighbors. The rule was also used in lower bound heuristics 
for treewidth, see |16I17| . see also |10I4| . 

Rule 1 (Low degree simplicial vertex) If v is a simplicial vertex of degree 
at most k then remove v. 

Rule 2 (High degree simplicial vertex) If v is a simplicial vertex of degree 
greater than k then answer no. 

Standard theory on treewidth shows that Rules [l] and [5] are safe. It is well 
known ^ that if non-adjacent vertices v, w have at least k+1 common neighbors, 
then adding the edge {w, w} does not affecl]^ whether the treewidth of the graph 
is at most k. We use this rule in a restricted setting, to ensure that S remains a 
vertex cover of the graph. 

Rule 3 (Common neighbors improvement) Suppose that {v, w} ^ E and 
that V Cz S or w Cz S . If v and w have at least k+1 common neighbors, then add 
the edge {v, w}. 

Yet another simple rule is the following, using that S" is a vertex cover of G. 
Rule 4 (Trivial decision) If k > \S\, then answer yes. 

Safeness can be argued as follows. The treewidth of G is at most \S\: for 
each V G V — S , take a bag with vertex set S U {v}, and connect these bags in 
any way. This gives a tree decomposition of G of width at most jiS*!. 

It is not hard to argue the, possibly surprising, fact that the exhaustive 
application of Rules [T]j4] (i.e., until we answer no or yes or no application of 
one of these rules is possible) already gives a polynomial kernel for Treewidth 
PARAMETERIZED BY A VERTEX COVER. It is clear that this reduction can be 
performed in polynomial time (it is easy to do it in time OdT^I • \E\))- 

Theorem 1. Treewidth parameterized by a vertex cover has a kernel 
with 0{i^) vertices. 

Proof. Let (G, fc, S) be an instance of Treewidth parameterized by a ver- 
tex COVER. Let (G", k', S') be the instance obtained from exhaustive applica- 
tion of Rules [l]-[4] By safety of the reduction rules (G', k' , S') is yes if and only 
if (G, k, S) is yes. 

The reduction rules guarantee that 5" C S* is a vertex cover in G', with < 
£. Each vertex v G V — S' has at least one pair of distinct neighbors in S' that are 
not adjacent, otherwise v is simplicial and would have been handled by Rule[T]or 
Rule[2j Assign v to this pair. If we assign v to the pair {w, x}, then w is a common 
neighbor of w and x. Hence a pair cannot have more than k vertices assigned to 
it, otherwise Rule [s] applies. As there are at most i-{£—l)/2 pairs of non-adjacent 
neighbors in S", we have \V' - S'\ < k ■ £ ■ {£ ^ l)/2 <£^ ■{£-l)/2e 0{£^). □ 

^ In any triangulation, either {v, w} is an edge, or all common neighbors of v and w 
form a clique. In the latter case, this clique plus u is a clique with at least k + 2 
vertices, implying a tree decomposition of width at least fc -|- 1. 
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By combining Theorem [T] with a polynomial-time 2-approximation algorithm 
for vertex cover, we obtain the following corollary. 

Corollary 1. There is a polynomial-time algorithm that given an instance (G = 
{V,E),k) of Treewidth computes an equivalent instance (C = {V',E'),k) 
such that V CV and\V'\ e 0{{e*)^), where t is the size of a minimum vertex 
cover of G. 



4 A polynomial kernel for Treewidth parameterized by 
Feedback Vertex Set 

In this section, we give the proof that Treewidth parameterized by a feed- 
back VERTEX SET (of size I) has a kernel with vertices. The kernehzation 
algorithm is again given by a set of safe reduction rules, that are applied while 
possible: two simple rules, three rules that remove all almost simplicial vertices 



(Section 4.1 ), and four rules that reduce the graph when there is a clique-seeing 



path (defined in Section 4.2). In Section |473| we show that graphs to which no 
rule applies have 0{i'^) vertices, and thus arrive at our kernel bound. 

The first new rule generalizes Rulejsj it was used in experiments |16| and its 
correctness is proven in A, ■ The rule can be implemented in polynomial time by 
using a maximum flow algorithm to find the disjoint paths. 

Rule 5 (Disjoint paths improvement) Suppose ^ E and that v G S 

or w Cz S . If there are at least k + 1 internally vertex-disjoint paths between v 
and w, then add the edge {v, w}. 

The second new rule is straight forward, and is correct because reasoning 
similar to that of Rule |4] shows that each graph with a feedback vertex set of 
size £ has treewidth at most £ -\- 1. 

Rule 6 (Trivial decision) If k > \S\ -\- 1, then answer yes. 



4.1 Almost simplicial vertices 

In [5], the notion of almost simplicial vertex was introduced, and a reduction 
rule was given that removed almost simplicial vertices whose degree was at most 
a known lower bound for the treewidth of the input graph. In this section, we 
give a set of rules that also remove almost simplicial vertices of higher degree. 
Rule [T] is a reformulation the Low Degree Almost Simplicial Vertex Rule from 
[S] . Rule |8] gives a simple way to deal with almost simplicial vertices of degree 
larger than k-\-l. Its correctness is obvious: v with its neighbors except its special 
neighbor forms a clique with at least k + 2 vertices, so the treewidth is larger 
than k. 

Rule 7 (Low Degree Almost Simplicial Vertex) Let v be an almost sim- 
plicial vertex with special neighbor w. If the degree ofv is at most k, then contract 
the edge {v, w} into w obtaining G' . If v G S, then let S' := S\ {v} U {w}, else 
let S' := S. 
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Lemma 1. i?MZe[^is safe. 

Proof. It is clear that S" is a feedback vertex set of G' . 

Let G' be the graph resulting after the operation. If the treewidth of G is at 
most k, then the treewidth of G' is at most k as the treewidth cannot increase 
by contraction (Proposition [T]). 

Suppose the treewidth of G' is at most k. Take a tree decomposition of G' 
of width at most k. It is well-known that because Ng{v) is a clique in G', there 
must be a bag that contains all vertices of Ng{v), say Ng{v) C Xi. Add a new 
bag with vertex set Ng[v] and make it adjacent in the tree decomposition to 
node i; we obtain a tree decomposition of G of width at most k. □ 

Rule 8 (High Degree Almost Simplicial Vertex) Let v be an almost sim- 
plicial vertex. If the degree of v is at least k + 2, then answer no. 

We introduce a new, more complex rule that deals with almost simplicial 
vertices of degree exactly k + 1. The correctness proof can be found in the 
appendix. 

Rule 9 (Degree k + 1 Almost Simplicial Vertex) Let v be an almost sim- 
plicial vertex with special neighbor w, and let the degree of v be exactly k + 1. 

— If for each vertex x G Nq{v) — {w}, there is an edge {x,u)} Cz E or a path 
in G from x to w that avoids Ng[v] — {x, w}, answer no. 

— Otherwise, contract the edge {v,w} to a new vertex x, obtaining G' . If v ^ S 
or w G S , then let S' := S \ {v, w} U {x}, else let S' := S . 

Note that the rules for almost simplicial vertices (Rules J7j[8j and [9]) can be 
easily seen to subsume the rules for simplicial vertices (Rules|Tjand[2]) used in the 
previous section (the first case of Rule[9]covers simplicial vertices of degree fc+l). 

The following proposition follows from counting arguments similar to those 
in the proof of Theorem [l] by observing that after exhaustive application of the 
rules no leaf in the forest G — is almost simplicial, and hence every such leaf 
must have a pair of neighbors in S which are non-adjacent. 

Proposition 2. Suppose an instance (G, fc) of Treewidth is given together 
with a feedback vertex set S of size £. If we exhaustively apply Rules\^ -[^ then 
we obtain in polynomial time an equivalent instance (G', k) with a feedback vertex 
set S' of size at most I, such that the forest G' — S' has 0{l'^) leaves. 

Preprocessing heuristics. At this point, we want to make a sidestep. In [S], 
the Almost Simplicial Vertex Rule was given as a preprocessing heuristic for 
the optimization version of Treewidth. There, a variable low was invariantly 
kept as lower bound on the treewidth of the original input graph; the rule could 
be applied to almost simplicial vertices of degree d whenever d was at most 
this value low. Thus, in the work of [S], almost simplicial vertices of degree at 
least LOW -1-1 could not be dealt with. Using a variant of Rule [9j we can now 
extend the Almost Simplicial Vertex Rule and preprocess a graph such that we 
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Fig. 1. An example of a clique-seeing path. 



remove all almost simplicial vertices, as follows. Suppose v is an almost simplicial 
vertex of degree d with special neighbor w. If d — 1 > low, then low is set 
to d — 1. Then, if d — 1 = low, we check if for each vertex x G Nc{v) — {w}, 
there is an edge {x,'w} G E or a path from x to w that does not use any 
vertex in iV(5[?;] — {x,w}. If so, low is increased by one. Now, we contract the 
edge {x, w}. This rule is safe in the sense that the treewidth of the original 
graph G equals the maximum of low and the treewidth of the reduced graph. 

An experimental evaluation of this 'extended simplicial vertex rule', similar 
as the work in 9 has not yet been undertaken. 

4.2 Clique-seeing paths 

We call a path {vq, vi, . . . ,Vr, Vr+i) a clique-seeing path that sees clique X , if 

- X ^ U[=i Ncivi) \ {vq, vi,..., Vr+i} is a clique. 

— For each each i, I < i < r, N{vi) C U X. 

An example is given in Fig. [T] Note that vq and Vr+i play a special role. 
Each Vi, 1 < i < r, has exactly two neighbors outside X, namely the previ- 
ous and next vertex on the path {vi-i and Wi+i). In our analysis it is sufficient 
when we look at clique-seeing paths with all vertices on the path in the for- 
est V — S, and all vertices in the seen clique in the feedback vertex set S, but 
the rules are also safe in other cases. 

We present four reduction rules. The first rule deals with clique-seeing paths 
that see a clique of size at most fc — 2. The second and third consider the case 
that {vi, . . . , Vr} U X separate vq and Vr+i in the graph. The fourth decides no 
if the path has at least 6fc -I- 6 inner vertices and no other rule applies. All proofs 
are deferred to the appendix. 

Rule 10 Suppose we have a clique-seeing path {vq,vi, . . . ,Vr,Vr+i), that sees a 
clique X with \X\ < k - 2. // 



then contract the edge {vr,Vr+i} into the vertex Vr+i, obtaining G' . If Vr G S, 
then let S' :— S\ {vr} U {vr+i}, else let S' := S. 



N{vr)nxc \J N{v^)nx 



l<i<r-l 
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The next rule is based upon the notion of minimal almost clique separators 
from [B]. A set of vertices Q separates vertices v and w if each path from v 
to w uses at least one vertex in Q. A set of vertices is a separator if there exist 
vertices v and w such that Q separates v from w. Q minimally separates v and w 
if it separates v and w but there is no proper subset of Q that separates v and w. 
Q is a minimal separator if there is a pair of vertices v and w that are minimally 
separated by Q. A set of vertices Q is a minimal almost clique separator, if it is 
a minimal separator and there is a vertex v £ Q such that Q — {v} is a clique. 
Bodlaender and Koster P"; have shown that the treewidth is not changed when 
edges are added to make a minimal almost clique separator into a clique. We use 
a version of this rule that ensures that S still is a feedback vertex set. Safeness 
of the following rule thus follows directly from the analysis in ^ . The discussion 
in 8J also shows that it can be tested in polynomial time. 

Rule 11 Let Q be a minimal almost clique separator in G, and suppose there 
is at most one vertex v G Q with v ^ S. Then, add an edge between each pair of 
non- adjacent vertices in Q. 

Exhaustive application of the following rule will provide us with a useful 
connectivity property that allows a rejection of instances with clique-seeing paths 
which remain long after application of Rules [5] to [T2j 

Rule 12 Suppose (wq, wi, ^3, ^4) is a clique-seeing path in V \ S that sees 
clique X C_ S . Suppose {vi,V2,V3} U X separates vq from V4 and suppose that 



Rule 11 cannot be applied. Compute the treewidth 0/ G'[{ui, U2, W3} U A"]. If it is 



larger than k, then answer no, otherwise remove V2 from G. 

Polynomial-time computability of the treewidth of G[{vi,V2, W3} U A] follows 
from a result in [T51. A detailed counting argument shows safeness of our last 
rule. 

Rule 13 Suppose we have a clique-seeing path [vq, . . . ,Vr+i) with r > 6fc -|- 6, 
and suppose Rules[5- 12 are not applicable. Then answer no. 



4.3 The kernelization 

We show that exhaustive application of Rules [5] through [13] gives the following 
kernelization result. 

Theorem 2. Treewidth parameterized by a feedback vertex set has 
a kernel with 0{£'^) vertices. 

Proof. Let (G, k, S) be an instance of Treewidth parameterized by a feed- 
back VERTEX SET and let {G',k,S') be obtained from exhaustive apphcation 
of Rules |5] through 13 Rules [l2] and [13] are only tested for paths in G — S'; as 



that is a forest, we need to test at most 0{n'^) paths, and thus the test has to 
be done a polynomial number of times. It was showed that all rules are safe and 
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that they can be performed exhaustively in polynomial time, so the instances 
are equivalent, S' is a feedback vertex set of G", and \S'\ < \S\. 

Let us analyze the size of G' . The forest G' — S' has 0{£^) leaves (Propo- 
sition [2|, and hence 0{£^) vertices of degree at least three. There are 0{i^) 
paths in the forest connecting leaves and vertices of degree at least three. Each 
path of length at least 6k + 8, i.e., with at least 6fc + 6 internal vertices is not 
clique-seeing by Rule [13] Thus, for the analysis, we split the paths into parts of 
size 6A: -f- 8 which are therefore not clique-seeing. At most 6k + 7 vertices per 
path will not belong to such a part, but these are at most 0{£^ ■ k) in total. 
We assign each part to a pair of non-adjacent vertices in S which are adjacent 
to internal vertices of the part. We can assign at most k parts to a pair {u, v}: 
indeed, since the parts are disjoint they would otherwise give rise to more than k 
disjoint u — v paths, contradicting {G' ,k,S') being reduced under Rulejs] Thus, 
we have 0{k{6k -t- 8)^^) + 0{l^ ■ k) = vertices in the forest G' - S", and 

thus 0{t) vertices in G". □ 

Using a 2-approximation algorithm for feedback vertex set we obtain a corol- 
lary similar to the one given in the previous section. 

Corollary 2. There is a polynomial-time algorithm that given an instance (G = 
{V,E),k) of Treewidth computes an equivalent instance {G' = {V',E'),k) 
such that V' ^ V and \V'\ G 0((t*)^), where £* is the size of a minimum 
feedback vertex set of G. 

5 Kernelization lower bounds 

In this section we present our lower bound results for Treewidth and Weigh- 
ted Treewidth; due to space restrictions the proofs are deferred to Section [B] 
of the appendix. We show the following results. 

Theorem 3. Unless the AND- distillation conjecture fails and all coNP-com- 
plete problems have OR- distillation algorithms, TREEWIDTH PARAMETERIZED 

BY TARGET TREEWIDTH PLUS THE SIZE OF A GIVEN MODULATOR TO CLUSTER 

GRAPHS does not admit a polynomial kernel. 

For this result we use that Treewidth on co-bipartite graphs is NP- 
complete [U Theorem 3.3]. The key idea is that by identifying one bipartition 
from each of t co-bipartite graphs into one clique one obtains a graph that has 
treewidth at most some integer k if and only if all t graphs have treewidth at 
most k; this constitutes an AND-composition [6;. 

Theorem 4. Treewidth parameterized by a modulator to co-clus- 
ter GRAPHS does not admit a polynomial kernelization unless NP C coNP/poly 
(which would imply a collapse of the polynomial hierarchy to its third level). 

The proof goes by giving a cross-composition from Treewidth to the target 
problem, i.e., a reduction of some t instances of Treewidth into one instance 
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of the parameterized problem with a small parameter value, which is yes iff one 
of the t instances is yes (for details on cross-composition see [7] ) . We use that 
the join of t graphs each on n vertices has a treewidth equaling (t — 1) ■ n plus 
the minimum treewidth of any of the graphs (a corollary of work by Bodlaender 
and Mohring [H]). To turn the join of the graphs into an almost co-cluster, their 
edges are replaced by a set of m cliques (each connected to the cndpoints of one 
edge per graph), which are then added to the modulator. 

Theorem 5. Weighted Treewidth parameterized by a vertex cover 
does not admit a polynomial kernelization unless NP C coNP/ poly. 

This final result is obtained by an extension of the proof for Theorem |4] In 
addition to that construction, we also replace the join edges by a set of logt 
vertices of high weight. The effect on the treewidth is the same, but adding the 
vertices to the modulator we obtain an independent set instead of a co-cluster. 

6 Conclusions 

We considered different parameterizations for the Treewidth problem and ob- 
tained both positive and negative results for the existence of polynomial kernels. 
Our first positive result, a cubic kernel for Treewidth parameterized by 
A VERTEX COVER, is interesting as its algorithm largely consists of elements of 
existing preprocessing heuristics for Treewidth, and thus also sheds some light 
on the experimentally observed success of these heuristics. Our second positive 
result, a polynomial kernel for Treewidth parameterized by a feedback 
VERTEX SET, is not Only interesting from a theoretical point of view, but we ex- 
pect that some of the reduction rules are also of practical value. In that regard 
it would be interesting to carry out an algorithmic engineering study, and im- 
plement (part of) the algorithms. E.g., does the Degree k + 1 Almost Simplicial 
Vertex Rule (Rule |9]) give significant reductions of instance sizes for practical 
instances? This could be compared to the experiments reported in [9118) . 

Our lower bounds, for distance from cluster respectively co-cluster graphs, 
rule out polynomial kernels for Treewidth for a number of possibly interest- 
ing parameters like distance from cographs or from chordal, interval, or split 
graphs. We recall also that Treewidth is NP-hard on bipartite graphs (eas- 
ily seen by subdividing all edges), implying that parameterization by distance i 
from bipartite or perfect graphs does not even permit ©(rt-^*^^^) time algorithms 
unless P — NP; hence also no polynomial kernels. 

Apart from improving the kernel sizes, e.g., for parameterization by a feed- 
back vertex set, or giving polynomial lower bounds (e.g., J7(^^)), it seems inter- 
esting whether parameter-wise one can obtain stronger results. For example, is 
there a polynomial kernel with respect to the size of a modulator to outerplanar 
graphs or even to planar graphs (note that membership in P or NP-hardness of 
Treewidth on planar graphs is open). For the lower bounds, further research 
may consider whether they can be extended to distance from a single clique 
(which is both cluster and co-cluster); complementary to a vertex cover. If true. 
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then the method needs to generahze proofs using ANDs and ORs of sets of in- 
put instances (of. 6J). If instead there is a polynomial kernel, then the reduction 
rules have to handle large cliques, the main building block of our lower bounds. 
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Fig. 2. An example of an application of the Degree Almost Simplicial Vertex 
Rule, second case {k = 2). 



A Omitted proofs and reduction rules for Treewidth 
parameterized by Feedback Vertex Set 

In this section we present the omitted pieces for the polynomial kernel for Tree- 
width PARAMETERIZED BY A FEEDBACK VERTEX SET. We show SafeneSS of 

Rules [9| through [131 f-^id discuss a polynomial time implementation of Rule 12 



A.l Correctness of Rule [H 

Let us recall Rule[9j together with Rules [7] and [8] it removes all simplicial vertices 
from the graph. 

Rule 9 (Degree + 1 Almost Simplicial Vertex) Let v be an almost sim- 
plicial vertex with special neighbor w, and let the degree of v be exactly k + 1. 

— If for each vertex x £ Nq{v) — {w}, there is an edge {x,w} (z E or a path 
in G from x to w that avoids Ng[v] — {x,w}, answer no. 

— Otherwise, contract the edge to a new vertex x, obtaining G' . If v (z S 
or w Cz S , then let S' :— S \ {v, w} U {x}, else let S" := S . 

An example of an application of the second case of the Degree k + 1 Almost 
Simplicial Vertex Rule is given in Fig. [2] It is easy to see that 5" is a feedback 
vertex set for G". Safeness is harder to argue, and needs a few intermediate 
lemmas. The first one shows that deciding no in the first case is indeed correct. 

Lemma 2. Letv, w as in Rule^ Suppose that for each vertex x £ Ng[v) — {w}, 
there is an edge {x,w} £ E or a path in G from x to w that does not use any 
vertex in Nq[v\ — {x, w}. Then the treewidth of G is at least fc + 1. 

Proof. We are building a minor of G in the following way. Consider the connected 
components of G[y — A^(3[w]]. Each connected component that has no vertex 
incident to w is removed. Each connected component with a vertex incident to w 
is contracted to w. We claim that this gives a clique on the vertex set Ng[v\, 
i.e., G has a clique with fc + 2 vertices as a minor, and hence has treewidth at 
least fc + 1. (We use Proposition [ij) 
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Note that the only edges that are missing in G[AfGb]] are edges between 
vertices x €E Nq{v) — {w} and w. If {x, w} ^ E, then there is a path from x to w 
in G that avoids Nq[v] — {x,w}. Hence, this path must belong to a connected 
component of G[V — Na[v]] that is connected to w, and thus, the edge {x, w} is 
present in the constructed minor. This shows the claim, and thus the lemma. □ 

For showing the safeness of the second step, we need a well known lemma on 
treewidth and clique separators. 

Lemma 3 (See e.g., [22]). Let S C V form a clique in G = {V,E). Sup- 
pose Vi, . . . ,Vr are the vertex sets of the connected components ofG[V — S]. Then 
the treewidth of G equals the maximum treewidth of G[S U Vi\ for i € {1, . . . , r}. 

Now, we show that the operation in the second case of Rule [9] is safe. 

Lemma 4. Let v, w as in Rule^ Suppose that there is a vertex z € Ng{v) 
with z w and {z, w} ^ E, such that no path in G from z to w avoids Ng[v] — 
{z,w}. Then the treewidth of G is at most k, if and only if the treewidth of the 
graph G' — (V',E'), obtained by contracting {v,w} is at most k. 

Proof. We recall the notation of Rule [9} x denotes the vertex obtained by con- 
tracting {v,w} and G' denotes the obtained graph. If the treewidth of G is at 
most k then the treewidth of its minor G' is at most k (Proposition [ij. It suffices 
to show the converse. 

Suppose the treewidth of G' is at most k. Write Z — Ng{v) — {w}; the set Z 
is a clique. Suppose Vi, . . . ,Vr are the connected components of G[V — Z]. There 
is one such connected component, say Vi, that contains v and w. The connected 
components of G'[V' - Z] are V(, Fa, ■ ■ • , with V( = - {v, w} U {x}, i.e., V/ 
is obtained from Vi by the contraction of edge {v, w}. 

The treewidth of G'[Z U V^] is at most k and the same is true for G'[Z U Vi] 
for each i € {2, . . . , r} as the treewidth never increases by taking subgraphs. 
Further, the treewidth of G'[Z — {z} U V^] is at most k as well. 

We claim that the treewidth of G[Z U Vi] is at most k. Take a tree decom- 
position of G'[Z — {z} U Replace in each bag an occurrence of x by an 
occurrence of w. As Ng{v) — {w} U {x} is a clique in G", we now have a bag 
containing Ng{v) — {z}, say Xi. We now add two new bags to the tree decompo- 
sition. The first, say ji, contains Ng[v] — {z}, i.e., v and all its neighbors except z. 
The second, say j2, contains A'g[w] — {w}, i.e., v and all its neighbors except w. 
Make ji incident to i and j2 incident to ji in the tree decomposition. All bags 
have size at most k + 1 (recall that the degree of w is fc -I- 1). One can verify that 
we obtained a tree decomposition of G[ZUVi]. E.g., all vertices in G[ZU Vi] that 
are incident to z belong to A^g^] ~ {w}, and they indeed share bag j2 with z. 
So the treewidth of G[Z U Vi] is at most k. (See Fig. [sjfor an example.) 

Lemma[3] applied to G[ZUVi] as well as G'[ZUV2] = G[ZUV2] to G'[ZUVr] = 
G[Z U Vr] now implies that the treewidth of G is at most k. □ 

Safeness of Rule [9] now follows from Lemmas [2] and HI 

Lemma 5. Rule\^is safe. 
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Fig. 3. Construction in the proof of Lemma |4j 



A. 2 Correctness of Rule [lOl 

Rule 10 Suppose we have a clique-seeing path {vq,Vi, . . . ,Vj,,Vr-f-i), that sees a 
clique X. If \X\ < k — 2 and 

N{vr)nxc (J N{v^)nx 

l<i<r-l 

then contract the edge {vj.,Vj,+i} into the vertex v^+i, obtaining G' . If G S, 
then let S' := S\ {vr} U {vr+i}, else let S' := S. 

To show correctness of Rule[lO]we use the following two lemmas on treewidth. 

Lemma 6 (Folklore). Let G = {V,E) be a graph, and let {vi,V2, ■ ■ ■ ,Vr) be a 
path in G. Let {{Xi \ i G I},T — (I,F)) be a tree decomposition of G. Sup- 
pose 11,12,^3 G I and 12 is on the path in T from ii to i^. Suppose Vi G Xi-^ 
and Vr G Xi^. Then {vi, W2, ■ • ■ , fr} H Xi^ 7^ 0. 

Lemma 7. Let G = (V, E) be a graph, and let Wi, . . . , Wr be sets of vertices, 
such that 

— For each i, Wi induces a connected subgraph of G. 

— For all i, j , Wi D Wj ^ ^ or Wi contains a vertex that is adjacent to a vertex 
in Wj. 

Let {{Xi I i G I},T = (I,F)) be a tree decomposition of G. Then there exists a 
bag that contains at least a vertex of each Wt . 

Here is a sketch of the proof of Lemma [7] The lemma follows from the Helly 
property for subtrees of a tree [151 Definition 1.3.4] after observing that for each i, 
the bags containing a vertex in Wi form a subtree of T, and for each i, j, there 
is a bag containing a vertex of Wi and a vertex of Wj . 

Lemma 8. Rule\l^is safe. 

Proof. It is trivial that S' is a feedback vertex set for G' and that < \S\. 
Let Vr+i be the name of the vertex resulting from the contraction. As G' is a 
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minor of G, if the treewidth of G is at most fc, then the treewidth of G' is at 
most k (Proposition [T]) . 

Now, suppose that the treewidth of G' is at most k. The remainder of this 
proof will show that the treewidth of G is at most k. Consider a tree decom- 
position {{X, I i e /},T = (/,F)) of G" of width at most k. Write Y = 
Ui<i<r-i ^(^i) ^- Using Lemma [tI (with one set for {wi, . . . , Wr-i}, and one 
set for each vertex in Y) it follows that there is a bag ii £ I such that: 

— there is a j, I < j < r — 1 with Vj G Xi-^ 

— YCX,,. 

As {wr+i} U {Nc (vr+i) C] X) IS & cliquc in G' , there is a bag 12 such that Xi^ 
contains {wr+i} U (-/VG"(wr+i) H X). From the definition of tree decomposition, 
and as {ur-i,Wr+i} is an edge in G", it follows that there must be a bag 13 
with {vr-i,Vr+i} G Xi^. At least one of the following cases must hold: 

1. Node 13 is on the path in T from ii to 12- 

2. Node ii is on the path in T from 12 to 13. 

3. Node «2 is on the path in T from ii to 13. 

4. There is a node such that ii, ^2, and 23 are in different subtrees of T— {14}. 

(The order of the cases is chosen in this way to make the proof easier to 
follow.) 

Case 1: 13 is on the path in T from ii to i2 Note that Nivr) H A" C y n 

{Ng' {vr+i) n a:) c x^, n x,,. So, N{vr) c^X(zx,^. 

Now add a new bag i' to the tree decomposition of G". Make i' adjacent to is, 
and set Xj/ = {vr-i,Vr, Wr+i} U {N{vr) n X). This is a tree decomposition of G. 
The new bag has size at most 3 + Ar<fc + lso the width is at most fc, which 
concludes this case. 

This first case was convenient since it guaranteed the existence of a bag 
containing N{vr), making it possible to construct a tree decomposition for the 
original graph G by just appending another bag there containing N{vr) U {vr}. 
In the remaining cases we will have to restructure the tree decomposition more 
severely. The main idea behind each of the remaining cases will be to find a sufltix 
{vj',Vj>+i, . . . , Vr-i) of the clique-seeing path such that there exists a special bag 
containing Vji , Vr+i , and all the neighbors that the vertices of {uj' , . . . , _ 1 } have 
in the set X. We then build a new tree decomposition by taking the vertices of 
the path suffix out of the existing bags, making a path decomposition for this 
suffix to which we add all the path's neighbors in X, and attaching this path 
decomposition to the special bag. So let us now go into details. 

Case 2: ii is on the path in T from i2 to i^ From the definition of tree decom- 
position, it follows that Vr+i & Xi^ . 

We now modify the tree decomposition as follows: 

— For j', j < f < r — 1, remove Vji from all (old) bags that it appears in. 

— Add new bags i^, ij+i, . • . , i'r-i- 
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— Make bag i'^ adjacent in T to ii. 

— For j', j < j' < r — 1, make bag i'j, adjacent to bag 

— For j', j <j' <r- 1, set X,^, = Y U {vj' ,VJ,+l,Vr+l}■ 
One can verify that this is indeed a tree decomposition of G. (E.g., the 

bag ir-i contains Vr and all its neighbors.) As the new bags have size bounded 
by + 3 < \X\ + 3 < fc + 1, the width of the tree decomposition is at most k. 

Case 3: 12 is on the path in T from ii to «3 Consider the path from Vj to Vr-i- 
As Vj G Xi^ and Vr-i G Xi^, there must be a j', j < j' < r — 1 with vj' G Xi^. 
Suppose j' is the largest value < r — 1 with vj' E Xi^, i.e., for j' < j" < 
r- 1, Vj" ^Xi,. 

Consider a value j" with j' < j" < r — 1; wc will show that any neighbors 
of /' in the set X must be contained in Xi^ . Therefore consider a vertex w G 
N{vj") nX. There must be some bag iq with Vj>r G Xig and w G Xig. There are 
two cases: 

1. io belongs to the same subtree of T—{i2} as is. In this case, we have that w G 
Y C Xi-^, and hence, by the properties of tree decompositions, w G Xi^. 

2. belongs to a different subtree of T — {«2} as i^. Now, Vj>i G Xi^ and Vr-i G 
Xi^. From Lemma|6j it follows that there must be a j'" with j" < j'" < r — 1 
with Vj'" G Xi^. This contradicts the choice of j' . 

As the second case gives a contradiction, the first case must always hold, and 
thus we have that 

U N{v,")nxcx.,,. 

j'<j"<r-l 

Write Z — Uj'<j"<r -^("^i") ^ -^^ observe carefully that in the definition 
of Z the union also includes Vr, which was excluded in the earlier formula. 
As N{vr) C Nq' (vr+i) (as we obtained w^+i from a contraction that involved u^), 
we have that Z C . 

We now modify the tree decomposition, more or less similarly as in the pre- 
vious case: 

— For j" , j' < j" < r — 1, remove Vj" from all (old) bags that it appears in. 

— Add new bags i^,, i'j'+i, ■ ■ ■ .i'r-i- 

— Make bag i'y adjacent in T to 12- 

— For j", j' < j" < r — 1, make bag i'-,, adjacent to bag ^jv+i- 

— For j", j' < j" < r - 1, set X,^„ = Z\J {vy. .vy.+^Vr+i). 

Similarly as in the previous case, we find that this is a tree decomposition of 
width at most fc of G. 

Case 4- There is a node i^ such that ii, 12 and is belong to different subtrees 
o/T — {^4} The analysis is more or less similar as in Case 3. We have that Vr+i G 
Xi^, and N{vr) (1 X C X,^ (1 X^^, hence N{vr) n X C X^^. 



Preprocessing for Treewidth: A Combinatorial Analysis 



19 



We have Vj e and f^-i G Xi^, so there is a j', j < j' < r — 1 with Vji G 
Xi^. Assume j' is the maximum value with j < j' < r — 1 and G X^^. 

Consider a j" with j' < j" < r —1. Since Vr~i £ , all bags containing vj" 
must belong to the same subtree of T — {i^} as i^, as otherwise 14 must contain 
a vertex from {vj/^i, f j'+2, • • • , I'r-i}- Thus, all neighbors of Vjn in X belong to 
some bag in the same subtree of T — {14} as 12- As iV(wj") n A C y C Ajj^, we 
have that N{vj") n A C A^^. 

We can now use the same construction as in Case 3, except that we attach 
the new part of the tree decomposition to 14. 

So, in all cases, we obtain a tree decomposition of G of width at most k, and 
thus can conclude that the rule is safe. □ 

A. 3 Correctness of Rule 1121 
We recall RulelH 

Rule 12 Suppose (wq, wi, ^2, ^3, W4) is a clique-seeing path in V \ S that sees 
clique A C 5. Suppose {vi,V2,V3} U A separates vq from V4 and suppose that 



Rule 11 cannot he applied. Compute the treewidth 0/ G'[{ui, U21 "f^s} U A]. If it is 
larger than k, then answer no, otherwise remove V2 from G. 

Lemma 9. Rule\l^is safe. 

Proof. Let [vq, wi, W2, ^3, ^4) be a clique-seeing path in which sees clique A 
such that {wi, W2, W3} U X separates wq from v^. Before we prove the correctness 
of the reduction rule, we first establish a claim about the structure of the path 
if Rule [TT] cannot be applied. 

Claim. The set {wi}U A(tii)n A is a clique separator which separates from V2- 

Proof. Since A is a clique it is easy to see that such a set is a clique. Now let us 
verify that it separates from v^. 

First assume for a contradiction that vi U A does not separate wq from V2, 
and consider a simple path P from ug to V2 avoiding this set. From the fact 
that (vq,vi, . . . ,V4) is a clique-seeing path which sees clique A it is not hard 
to see that path P must use vertex v^] but this contradicts the assumption 
that t'2, t'3} U a separates ?;o from v^. So we know that ui U A separates vq 
from V2. 

Since A is a clique, the set {vi\ U A is almost a clique, and since we just 
established it \s &Vq — f 2 separator it follows that it is an almost clique separator. 
Therefore the set {wi} U A contains a minimal almost clique separator Z which 
separates vq from V2, and Z must contain vi because of the edges {vo,wi}, 
and {vi,V2}. If is a clique, then Z C {vi} U N{vi) n A which proves that 
the superset {vi} U iV(wi) n A is also a, vq — V2 separator (and hence a clique 
separator) and we are done. So assume for contradiction that Z is not a clique. 

Since the clique A is a subset of the feedback vertex set S, we know that 
the minimal almost clique separator Z contains at most 1 vertex which is not 



from S', and therefore Rule 11 is applicable; a contradiction. This proves the 



claim. □ 
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It follows easily from the proof of the claim (by symmetry) that {v3}UN{v3)r\X 
is a clique separator which separates V2 from V4. 

Claim. For each vertex u ^ {vi,V2,V3} U X there is a clique separator Z C 
{^1,^3} U X which separates u from V2. 

Proof. We first identify a number of vertex sets. 

— A: the vertices in the same connected component as vq in the graph G — 
{{vi}UN{vi)nX). 

— B: the vertices in the same connected component as W4 in the graph G — 
{{V3}\JN{V3)C^X). 

— C: all vertices in another connected component as W2 in the graph G — X. 

We will prove that each vertex u ^ {vi, U2, W3} U X is contained in at least 
one of A, B, C. We will do this by showing that all such vertices u which are 
not contained in C, must be contained in A or B. So assume there is some 
vertex u which is not in set C because it is in the same connected component 
as V2 in G — X. A simple path from u to V2 'va G — X will traverse either vq 
or i;4, and there cannot be two simple paths in G — X, one which traverses wq but 
not to get to V2 and the other which traverses but not to get to V2 , since 
that would violate the assumption that {vi, V2,V3} \J X separates vq from v^. 

Assume for now that a simple path from uiov2 vaG—X traverses vq. Then u 
is in the same connected component as vq in the graph G — ({wi, ^2, ^3} U X). 
But this trivially implies that u is in the same connected component as vq in the 
graph G — {{v\} U N{vi) D X), and hence u is contained in the set A. 

Similarly we find that if a path from w to W2 in G — X traverses W4, then u 
is contained in the set B. This shows that all vertices u ^ {wi,i'2,i'3} U X are 
contained in at least one of the sets A, B, G . 

Now we are in position to prove the claim. It is easy to see that the sets {wijU 
N{vi) f^X, {v3}UN[vz) n X, and X are all chques, and subsets of {wi, W3} U X. 
By the previously proved claim, the set {vi} U N{v\) n X separates vq from V2, 
and must therefore separate all vertices in A from V2. Similarly the set {v^} U 
N{v3) n X separates all vertices in B from V2. And finally the set X separates 
all vertices of C from V2 , which completes the proof of the claim. □ 

Claim. The treewidth of G is the maximum of the treewidth of G — {1^2} and 
the treewidth of G[{vi, V2, V3} U X]. 

Proof. This follows from applying Lemma [3] repeatedly, using the established 
claim that all vertices u ^ {vi,V2,V3} U X are separated from V2 by clique 
separators that are subsets of {vi, V3} U X. □ 

Clearly, if the treewidth of G[{vi,V2,V3} U X] greater than k it is correct to 
answer no. Otherwise, if its treewidth is at most fc, it follows from the claim 
that the treewidth of G is at most k if and only if the treewidth of G — {V2} is 
at most k. □ 
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We now show that given a path (vq, vi, . . . ,Vr, Vr+i) we can apply Rule 12 in 
polynomial time, when applicable. Since it is easy to verify whether the neighbors 
seen by the path form a clique, and whether vq and Vr+i are separated, the 
crucial part is to compute the treewidth of G[{vi,V2,V3} U X]; this is covered 
by the following lemma which uses modular decomposition. We briefly recall 
the relevant notions. If G = (V, E) is a graph, then a module in G is a set of 
vertices X QV such that each vertex in y \ X is either adjacent to all vertices 
of X, or to no vertices of X. A graph is prime if all its modules are empty sets, 
singleton sets or the set V . 

Lemma 10. The treewidth o/G[{wi, f2, WsjUX] can he computed in polynomial 
time. 

Proof. Consider the partition of G[{wi, W2, wajUX] into sets {wi}, {^2}, {^3} and 
the maximal subsets of X which have the same neighbors among {ui, W2, 1's}- As 
the clique X splits into at most 8 subsets, this is a partition of G[{vl^V2^ uajUX] 
into at most 11 sets, and for every such set Q all its subsets form a module in the 
graph G[{f 1, U2, wajUA']. This implies that any prime subgraph of G[{vi,V2^ v^}{J 
X] contains at most 11 vertices, since two vertices of the same set of the partition 
form a non-trivial module. From the work in |12| . it follows that once we have 
the modular decomposition of G[{vi,V2, W3} U X], we can compute its treewidth 
in constant time. Since the modular decomposition can be computed in linear 
time, this concludes the proof. □ 

Thus Rule [12] is correct and uses polynomial time. From exhaustive applica- 
tion of the rule, we obtain a connectivity condition on the endpoints of clique- 
seeing paths which is captured by the following proposition. 



Proposition 3. If Rule 11 and Rule 12 cannot he applied, and there is a clique 



seeing path {vo,vi, . . . ,Vr, Vr+i) with r > 3 which sees a clique X Q S then vq 
and Vr+i are connected via a path that avoids {vi, . . . , v^.} U X . 

Proof. Assume {vq,vi, . . . ,Vr,Vr+i) with r > 3 sees the clique X C S, but 
the set {vi, . . . ,Vr} U X separates Vq from Vr+i- From the structure of the 
clique-seeing paths it follows that for every Vi S {vi, . . . ,Vr} the set {vi} U X 
separates Vg from w^+i. So in particular, if we look at the clique-seeing sub- 
path (wo, 1^1, '^2, 1's, i'4) we know that {vi,V2,V3} U X separates vq from V4; but 
then Rule [12] is applicable, a contradiction. □ 



A. 4 Correctness of Rule 1131 

Rule 13 Suppose we have a clique-seeing path {vq, . . . , t'r+i) with r > 6fc -t- 6, 
and suppose Rules\E\ \l^ are not applicahle. Then answer no. 

Safeness of this rule is established by the following two lemmas. 

Lemma 11. Let [vq, . . . , Vr+i) he a clique-seeing path, seeing clique X . Suppose 
that Vq and Vr+i belong to the same connected component o/G— {wi, . . . , Vr} — X. 
Let Z he the vertex set of the connected component of G — {vi, . . . ,Vr} — X that 
contains vq. If one of the following cases holds, then G has treewidth at least k-\-l. 
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1. \X\ >k + l. 

2. \X\ = k and each vertex in X has a neighbor in Z . 

3. \X\ = k — 1 and each vertex in X has a neighbor in Z, and there is 
an i, 1 < £ < r, such that each vertex in X is incident to at least one 
vertex in {vi, . . . ,ve}, and each vertex in X is incident to at least one vertex 
in {vi+i, . . .,Vr}. 

Proof. In each case G contains a chque of size fc + 2 as a minor, and hence has 
treewidth at least k + 1, by Proposition [l] In the first case, contract the path to 
a single vertex; it then forms a clique with the vertices in X. In the second case, 
contract the path to a single vertex, contract Z to a single vertex; these form a 
clique with the vertices in X. In the last case, take X, and contract each of the 
following to a single vertex: all vertices in Z, {vi, . . . , ve}, and {ve+i, . . . , Vr}- □ 



Lemma 12. Suppose that none of the Rulesm \lS\ can be applied to G. Suppose 
that {vo,vi, . . . ,Vr+i) is a clique-seeing path, seeing clique X. 

1. If\X\<k-2 then r <\X\ < k-2. 

2. If \X\ = fc — 1 and r > 3fc + 3 then the treewidth of G is greater than k. 

3. If \X\ = k and r > 6A: + 6 then the treewidth of G is greater than k. 
4- If \X\ > fc + 1 then the treewidth of G is greater than k. 



Proof. 1. Suppose \X\ < fc — 2. In particular. Rule 10 cannot be applied. Thus 

for each i, 1 < i < r: 



Niv,)nx^ U N{v,)nx. 



Hence, via induction it follows that IUj=i^("j) ^ ^\ ^ h a-nd therefore 
that r < I Uj^i N{vj) n X\ < \X\. 
2. Suppose \X\ — k — 1 and r > 3fc + 3. Let 

k+1 2k+2 3k+3 

Xi=\jN{v,)nx, y N{vj)nx, ^3- U N{v,)nx. 

] = l j=k+2 j=2k+3 

If Xi X, then (vo,vi, . . . ,Vk+i,Vk+2) is a clique-seeing path with fc + 1 
internal vertices and seeing clique Xi, with < fc — 1, contradicting 

Case[T] Similarly, we get a contradiction when X2 ^ X or X^ ^ X . 
Therefore, assume Xi = X2 = X3 = X. Consider the path (vq, . . . ,V2k+3) 
seeing clique X. By Proposition [3] there is a path from vq to V2k+3 that 
avoids {wi, . . . ,W2fe+2} U X. Hence, the component Z containing in G — 
{{vi, . . . ,W2fe+2}UX) also contains V2k+3, and hence {v2k+3, ■ ■ ■ , ^afc+s} ^ Z. 
Thus by Xi = X2 = X^ ~ X each vertex of X has a neighbor in each 
of {vi, . . . ,Ufe+i}, {vk+2, ■ ■ ■,V2k+2}, and {v2k+3, ■ ■ ■ , W3/C+3} ^ Z. Therefore, 



the conditions of Lemma 11 are fulfilled for (wq, . . . , W2fe+3) and £ — k + 1. It 



follows that G has treewidth at least fc + 1. 
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3. Suppose |X| = fc and r > 6k + 6. Let 

3k+3 6k+6 

Xi^ [j N{vj) n X and ^2 = |J N{vj) D X. 

3=1 j=3fc+4 

If Xi ^ X, then considering the clique-seeing path {vq, vi, . . . , U3fc+3, v^k+i) 
we get a contradiction to Case [l] if \Xi\ < k — 2 or the claim follows from 
Case [2] if |A:i| = fc - 1. This can be argued similarly when X2 7^ X. 
Therefore, Xi = X2 = X. Now consider the path {vq, . . . , V3k+4)- By Propo- 
sition [3] there is a path from vq to v^k+A in G — {{vi, . . . , ^3^+3} U X). It 
follows that the connected component Z of vq in that graph also contains 
the vertices Vsk+4i • ■ • i ^^6fc+6- Thus the path (vq, . . . , v^k+A) fulfills the con- 
ditions of the second case of Lemma [TlJ and we conclude that the treewidth 
of G is at least fc -I- 1. 

4. This follows directly from the first case of Lemma [TT] □ 



Correctness of Rule 13 follows immediately from the lemma: If a clique- 
seeing path has at least 6k -\- 6 internal vertices, then (assuming that none of 
the Rulcsf5}|l2 can be applied) it sees a clique of size at least fc — 1 (by Case[l]). 



Cases[2]|4]then show that answering no is correct. 



B Kernelization lower bounds 

Kernelization lower bounds conditioned on NP ^ coNP/poly. All kernelization 
lower bounds in this paper are conditional. Two have the form: Assuming that 
NP ^ coNP/poly then some parameterization of Treewidth does not admit 
a polynomial kernel. For the kernelization lower bounds with respect to this 
condition, we use the notion of a cross-composition [7j which is an extension of 
the known lower bound techniques based on work of Bodlaender et al. p| as well 
as of Fortnow and Santhanam [19 . We first give two necessary definitions: 

Definition 1 ([TJ)- equivalence relation TZ on S* is called a polynomial 
equivalence relation if the following two conditions hold: 

1. There is an algorithm that given two strings x,y £ S* decides whether x 
and y belong to the same equivalence class in {\x\ -f time. 

2. For any finite set S C S* the equivalence relation TZ partitions the elements 
of S into at most (maxj.g5 |a;|)'^^"'^-' classes. 

Definition 2 ([ZJ). Let L C S* be a set and let Q C S* x N be a parameterized 
problem. We say that L cross-composes into Q if there is a polynomial equiva- 
lence relation TZ and an algorithm which, given t strings Xi,X2, ■ . ■ ,xt belonging 
to the same equivalence class of TZ, computes an instance {x* ,k*) € S* x N in 
time polynomial in X]i=i such that: 

1. {x* ,k*) £ Q <^ Xi £ L for some \ < i <t, 
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2. k* is bounded by a polynomial in max*^]^ \xi\ + logi. 

It is known that a cross-composition of any NP-hard set into a parameterized 
problem Q rules out polynomial kernels for Q |19l6l7j . 

Theorem 6 ([7]? Corollary 10). If some set L is NP-hard under Karp reduc- 
tions and L cross-composes into the parameterized problem Q then there is no 
polynomial kernel for Q unless NP C coNP/poly. 

Kernelization lower bounds conditioned on the AND-distillation conjecture We 
also give one kernelization lower bound conditioned on the so-called "AND- 
distillation conjecture". It is an open problem whether a failure of the AND- 
distillation conjecture would imply a collapse in classic complexity, but within 
the parameterized complexity community this conjecture is widely believed to 
hold. To give kernelization lower bounds conditioned on the AND-distillation 
conjecture, we need the following definitions. 

Definition 3 ( [5]l6] ). The unparameterized version of a parameterized prob- 
lem Q C X!* X N is the language Q = {x^^l'' \ {x, k) G Q}, where ^ denotes a 
new character that we add to the alphabet and 1 is an arbitrary letter in S. 

Definition 4 ([5','6]). An AND-composition for a parameterized problem Q C 
S* X N is an algorithm that gets as input a sequence {{xi, k), . . . , [xf, k)), with 
each {xi, k) £ S* x N, and outputs a pair (x', k'), such that 

— the algorithm uses time polynomial in J2l=i \ + 

— k' is bounded by a polynomial in k, 

— (x' , k') £ Q if and only if {xi, fc) G Q for all i with I < i < t. 

If a parameterized problem Q admits an AND-composition algorithm then it is 
AND-compositional . 

Theorem 7 (fSj). IfQ is an AND-compositional parameterized problem and Q 
is NP-complete, then Q does not admit a polynomial kernel unless the AND- 
distillation conjecture fails. 

It is implicit in the paper by Bodlaender et al. [B] that if the AND-distillation con- 
jecture fails, then all coNP-complete problems have OR-distillation algorithms. 

Finally, we need the following notion to transfer lower bounds from one prob- 
lem to another. 

Definition 5 (l5|). Let P and Q be parameterized problems. We say that P 
is polynomial parameter reducible to Q, written P <ptp Q, if there exists a 
polynomial time computable function f : S* x N — > S* x N, and a polynomial p : 
N — > N such that for all {x, k) G E* xN it holds that (a) {x, k) Cz P if and only if 
{x' ,k') — f[x,k) G Q and (b) k' < p{k). The function f is called a polynomial 
parameter transformation. 

It is not hard to see that if P and Q are NP-complete, then a polynomial 
parameter transformation from P to Q together with a polynomial kernel for Q 
yields a polynomial kernel for P. The contrapositive of this statement can be 
used to obtain kernelization lower bounds. 
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B.l A kernelization lower bound for Treewidth parameterized by 
distance from cluster graphs 

It is interesting to try to draw a borderline for what structural graph parameters 
there exist polynomial kernelizations. In earlier sections of our paper we showed 
that the structural parameterization "deletion distance to a forest" (feedback 
vertex set size) admits a polynomial kernel. In attempts to generalize such a 
result, one can consider parameters that express the number of vertices to obtain 
different simple graph classes. In this section, we consider the parameterization 
"deletion distance to a cluster graph" , and recall that a cluster graph is a vertex- 
disjoint union of cliques. We will show that this parameterization does not admit 
a polynomial kernel unless the AND-distillation conjecture fails. This negative 
result implies directly also the unlikeliness of polynomial kernels for Treewidth 
with some related parameterizations, e.g., by the number of vertices that must 
be deleted to obtain a chordal graph. To obtain the result, we show that the 
restricted problem where the deletion set induces a clique in the graph is AND- 
compositional and NP-complete. 

Therefore we start our investigation with the following problem: 

Treewidth parameterized by a clique modulator to cluster 
GRAPHS (TWCMC) 

Instance: A graph G = {V, E), a. set S C V such that G[S] is a clique 
and G — 5 is a cluster graph. 
Parameter: £ \S\. 
Question: tw(G) < \S\ - 1? 

It is easy to see that TWCMC is in FPT since the problem parameter is di- 
rectly related to the treewidth that is asked for and A:-Treewidth is in FPT 
It is known [5] that the fc-TREEWiDTH problem does not admit a polynomial 
kernel unless the AND-distillation conjecture fails. We will show that TWCMC 
does not admit a polynomial kernel unless the AND-distillation conjecture fails. 
Since a polynomial kernel for fc-TREEWiDTH would imply a polynomial kernel 
for TWCMC (because of the relationship between the parameter of TWCMC 
and the target treewidth), our new theorem strengthens the existing result. 

The framework for proving conditional kernelization lower bounds through 
AND-compositions requires us to establish that the unparameterized version of 
the problem is NP-complete. We prove this by a reduction from the treewidth 
problem restricted to co-bipartite graphs, which is defined as follows: 

Treewidth on co-bipartite graphs with given bipartition 
Instance: A co-bipartite graph G — {V, E) with bipartition V = X(jY 
such that G[X] and G\Y] are complete graphs, integer k. 
Question: tw(G) < kl 

Arnborg et al. [T] proved that this problem is NP-complete. The fact that the 
bipartition is given is not essential: a bipartition of a co-bipartite graph can be 
found in polynomial time by using the standard bipartition algorithm on the 
complement of the graph. 
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Theorem 8 ([l], Theorem 3.3). Treewidth on co-bipartite graphs 
WITH GIVEN BIPARTITION is NP-complete. 

With this information we can prove that the unparameterized variant of 
TWCMC is NP-complete. 

Lemma 13. The unparameterized variant o/ Treewidth parameterized BY 

A CLIQUE MODULATOR TO CLUSTER GRAPHS is NP-COmplete. 

Proof. Membership in NP is trivial by giving a tree decomposition. To prove 
NP-hardness we give a reduction from Treewidth on co-bipartite graphs 
WITH given BIPARTITION (TWC). Let (G, X, Y, k) be an instance of TWC, and 
assume without loss of generality that \X\ > \Y\. Iffc < — 1 then the answer 
to the instance must be no, since X induces a clique in G and the treewidth of 
a graph is at least the size of the largest clique minus one. li k = \X\ — 1 then 
if we set S := X we find that G — S is a cluster graph (in fact a single clique) 
and G[S] is a clique; hence by definition the instance {G,X,Y,k) of TWC is 
then equivalent to the instance (G, S) of TWCMC. If fc > \X\ — 1 then consider 
the co-bipartite graph G' with bipartition X', Y' obtained from G by adding a 
single vertex v to the partite set X and making it adjacent to all other vertices 
in X. By definition the new vertex v is simplicial, and by [HI Proposition 1] we 
know that tw(G') = max(degG,(w),tw(G'-{w}) = tw(G)). Hence if fc > |X|-1 
then degQ, (v) = \X\ < k which implies tw(G') < fc <^ tw(G) < fc. By repeatedly 
adding simplicial vertices to the partition X we obtain an equivalent instance 
of TWC for which fc = |X| — 1, and by the argument above we then find an 
equivalent instance of TWCMC. Since this construction takes polynomial time 
this proves that TWCMC is NP-complete. □ 

To give a kernelization lower bound for TWCMC it now remains to prove 
that the problem is AND-compositional. 

Lemma 14. Treewidth parameterized by a clique modulator to clus- 
ter graphs is AND-compositional. 

Proof. Given t instances (Gi, Si), {G2, S2), ■ ■ ■ , {Gt, St) of TWCMC with the 
same parameter value \Si\ (so l^i] = |S'2| = ... = \St\ — i) we show how to 
construct in polynomial time an instance (G',S") of TWCMC which is yes if 
and only if all of the input instances are yes, with \S'\ = £. 

The graph G' is built through the following procedure. For each i e [t] label 
the vertices of Si arbitrarily with unique labels in the range 1 to £. Initialize G' as 
the disjoint union of the input graphs Gi for i G [t]. As the next step we identify 
the separate sets Si for i £ [t] into one set S' . For each j g [£], there is exactly 
one vertex in each Si which is labeled j. Identify all these vertices labeled j into 
one vertex, and place it in the set S' . Output the instance (G',S"). 

Since S' contains one vertex for each j £ [£] it follows that \S'\ = £, so 
the parameter of the output instance equals the parameter value of the input 
instances. Since each Si for i £ [t] induces a clique in the corresponding graph Gi 
by the definition of TWCMC, it follows that S' induces a clique in G'. Because we 
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constructed G" by identifying the clique modulators of the disjoint union of the 
input instances, the output graph G' encodes all the input graphs simultaneously 
because G'\V{Gi — Si) U S'] is isomorphic to Gi for all i S [t]. 

It is easy to see that the instance (G", S") can be constructed in polynomial 
time. We have already seen that the output parameter is appropriately bounded; 
it remains to prove that the output instance is equivalent to the AND of the 
input instances. Let us consider the treewidth of the graph (G", S'). The vertex 
set S' induces a clique in G", and in fact it is a clique separator for the graph. 
Let Gi, . . . , Gm be the vertex sets of the connected components of G' — S' . By 
Lemmajsjwe know that tvif(G') = max™ tw(G'[S"UGi]). With this information 
we prove that the output instance expresses the AND of the input instances. To 
simplify the proof we actually prove the complementary statement; tw(G') > 
k^3i&[t\: t-w{Gi) > k. 

Assume that tw(G') > k. By the above observation about the treewidth 
of G' this implies that there is a connected component Cj of G' — S' such 
that tw(G'[5'UGj]) > k. But by construction of the graph G', for each connected 
component Gj of G' — S" the vertices of Gj must belong to exactly one input 
graph Gi*. But since G'\V{Gi' — Si-) U S'] is isomorphic to Gi- by our earlier 
observation, and since G'[S' U Gj] is a subgraph of G'\V{Gi- — 5*^.) U S"], this 
proves that a subgraph of Gi- has treewidth more than k. But then Gi- has 
treewidth more than k, which proves the claim in this direction. 

(<^) Assume that tw(Gi*) > k for some index i* e [t\. Since the set Si- is a 
clique separator for graph G;*, by Lemma [3] there is a connected component Gj 
of Gi- — Si- such that tw{Gi-[Gj U Si-\) > k. But by construction of G' the 
vertex set of Gj also exists in graph G', and in fact Gi- [Gj U Si-] is isomorphic 
to G'[Gj U S']. But this proves that a subgraph of G' has treewidth more than k, 
which implies G' has treewidth more than k. 

The derived relationship between the input and output instances show that 
the output instance is no if and only if one of the input instances is no; hence the 
output is yes if and only if all of the inputs are yes. Since we have verified that 
the algorithm satisfies all conditions of an AND-composition algorithm stated 
in Definition |4j this proves the lemma. □ 

Since Treewidth parameterized by a clique modulator to cluster 



GRAPHS is AND-compositional (Lemma 14) and its unparameterized variant is 
NP-complete (Lemma 13) we obtain the following result by applying Theorem[7j 



Theorem 9. Unless the AND- distillation conjecture Jails and all coNP-com- 
plete problems have OR- distillation algorithms, Treewidth parameterized 
BY A CLIQUE MODULATOR TO CLUSTER GRAPHS does not admit a polynomial 
kernel. 

Recall that the original aim of this section was to study treewidth with 
a structural parameterization, which measures how many vertex deletions the 
graph is away from a cluster graph. Since we have identified an NP-complete 
special case of this problem which does not have a polynomial kernel (unless 
the AND-distillation conjecture fails), under the same assumption this also rules 
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out polynomial kernels for the more general problem by applying standard lower 
bound tools; in particular it follows from contraposition on Theorem 8 of [5]. 
For completeness we state the general problem and the kernelization bound. 

Treewidth parameterized by target treewidth plus the size 

OF A given modulator TO CLUSTER GRAPHS 

Instance: A graph G — {V, E), an integer k, and a set S C V oi size £ 
such that G — S" is a cluster graph. 
Parameter: i + k. 
Question: tw(G') < k? 

We are now in position to prove the main result of this section. 

Theorem 10. Treewidth parameterized by target treewidth plus 
THE size of a given MODULATOR TO CLUSTER GRAPHS does not admit a poly- 
nomial kernel unless the AND-distillation conjecture fails and all coNP-complete 
problems have OR- distillation algorithms. 

Proof. The main part of the proof consists of a polynomial parameter trans- 
formation from Treewidth parameterized by a clique modulator to 

CLUSTER GRAPHS (TWCMC) tO TREEWIDTH PARAMETERIZED BY TARGET 
TREEWIDTH PLUS THE SIZE OF A GIVEN MODULATOR TO CLUSTER GRAPHS 

(TWTWMC). So following Definition [sj consider the trivial polynomial pa- 
rameter transformation which maps an instance (G, S) of TWCMC which asks 
whether the treewidth of G is at most \S\ — 1, to the output instance (G', 5", k') 
of TWTWMC with G' G, 5' := S and fc' := [^l - 1. Since the parame- 
ter of the input instance is IS"], it is easy to see that the parameter |S"| + k' 
of the output instance is bounded polynomially by the parameter of the input 
instance. The equivalence of the instances (G, S) and (G', S', k') follows directly 
from the problem definitions. The existence of a polynomial parameter trans- 
formation from TWCMC to TWTWMC proves, together with the fact that the 
unparameterized versions of these problems are easily seen to be NP-complete, 
that TWTWMC does not admit a polynomial kernel under the same conditions 
as TWCMC by applying a standard theorem from the theory of kernelization 
lower bounds O Theorem 8]. Together with Theorem [9] this concludes the proof. 

□ 

To justify our kernel lower-bound, we give a brief argument to show fixed- 
parameter tractability of the problem, even when only parameterized by the 
deletion distance to a cluster graph (i.e. parameterized by t instead oi k). 

Proposition 4. Treewidth parameterized by a modulator to cluster 
GRAPHS is fixed-parameter tractable. 

Proof. Consider vertices w, w in G = (V, E), with G\V — S] a. cluster graph. We 
claim that the number of minimal w, iw-separators is bounded by 4^. 

Suppose that Q is a minimal w-separator. Partition the vertices from S into 
four sets: A are all vertices in S that belong to the same connected component 
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as V in G[V — Q]. B are all vertices in S that belong to the same connected 
component as w in G[V - Q]. C ^ SnQ, and D = S - {AU B U C). Now, the 
choice of v, w, and the partition of S into A, B, C, and D fixes precisely which 
vertices in V — 5' belong to Q. As we have 4^ partitions of S, this gives a bound 
of at most 4^ minimal v, w-separators, and thus we have at most 4^ • minimal 
separators in G. 

Bouchitte and Todinca |13ll4j have shown that the treewidth can be com- 
puted in time, polynomial in the number of minimal separators, i.e., polynomial 
in 4^ • . □ 



B.2 A kernelization lov^rer bound for Treewidth parameterized by 
distance from co-cluster graphs 

In this section we show that Treewidth parameterized by a modulator 
TO CO-CLUSTER GRAPHS (TWMCC) does not admit a polynomial kernel, unless 
NP C coNP/poly. The result nicely complements the result of the previous 
section, and its proof is a step-up for a similar proof for Weighted Treewidth 
PARAMETERIZED BY A VERTEX COVER in the next scction. Formally, we define 
the problem as follows: 

Treewidth parameterized by a modulator to co-clusters 
Instance: A graph G — {V,E), an integer k, and a set S C V such 
that G — S* is a co-cluster graph. 
Parameter: £ := \S\. 
Question: tw(G') < k? 

We emphasize that giving the modulator as a part of the input can only 
make the problem easier, suitable for proving a lower bound. Furthermore, there 
is a straightforward 3-approximation for the minimum modulator to a co-cluster 
since co-clusters are exactly the {K2UKi)-hee graphs (via 3-Hitting Set). 
Fixed-parameter tractability is proven in Proposition [5] 

Our lower bound proof uses the following lemma due to Bodlaender and 
Mohring [11]. By Gi (X) G2 we denote the join of two graphs, obtained by taking 
their disjoint union and adding all edges between the two graphs. 

Lemma 15 V For any two graphs Gi and G2 it holds that 

tw(Gi ® G2) = min(tw(Gi) + |V(G2)|, tw(G2) + \V{Gi)\). 

From Lemma [15] we directly obtain the following corollary. 

Corollary 3. For any t graphs Gi, . . . , Gf each on n vertices it holds that 

tw(Gi ® ...®Gt) = {t-l)-n + mintw(Gi). 

ie[t] 

Additionally, we also use the following lemma (based on ^); the result was 
already used for the correctness of Rule [S] 
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Lemma 16. Let G be a graph, let k be an integer, and let u, v be two vertices 
of G that have at least k + 1 shared neighbors. Then in any tree decomposition 
of G of width at most k there must be a bag containing both u and v. 

The same is true for tree decompositions of weighted width at most k, if u 
and V have shared neighbors with a total weight of at least k + 1. 

For the kernelization lower bound for TWMCC we give a cross-composition 
from the unparameterized Treewidth problem. 

Theorem 11. TREEWIDTH PARAMETERIZED BY A MODULATOR TO CO-CLUS- 
TER GRAPHS does not admit a polynomial kernelization unless NP C coNP/poly 
(which would imply a collapse of the polynomial hierarchy its third level). 

Proof. We give a cross-composition from Treewidth to TWMCC. We define 
a simple polynomial equivalence relation TZ such that two instances x = (G, k) 
and x' = (G', k') of Treewidth are equivalent if the graphs G and G' have the 
same numbers n and m of vertices and edges, respectively, and if k = k' < n. 
For technical reasons, all instances where k exceeds the number of vertices also 
form one equivalence class, but we will tacitly ignore these trivial instances in 
the following (it is easy to see that the presence of such an instance makes 
a cross-composition trivial). Clearly, equivalence under TZ can be checked in 
polynomial time and a set of instances each of size at most A'' is partitioned into 
at most + 1 equivalence classes. 

Let Xi,. . . ,Xt he t instances of Treewidth which are equivalent under TZ, 
each instance Xi asking for a tree decomposition of width at most k for some 
graph Gj. Let n and m denote the number of vertices and edges in graphs Gj. 
W.l.o.g. we assume that t > n, or otherwise make sufficiently many copies of one 
of the instances. This will at most increase the input size by a factor of n. 

We construct a graph G' as follows; together with some integer k' and a 
modulator to a co-cluster this will constitute the cross-composed instance: 

1. Add t independent sets Ii, . . . ,It each on n vertices to G'. These represent 
the vertex sets of the graphs Gj ; let each vertex of Ij correspond directly 
to a unique vertex of Gj . Add all edges between different independent sets, 
i.e., at this point we have G' — Ii ^ . . . (E) Tt- 

2. Add m cliques JCi, . . . , Km each on n -|- 1 vertices to G'. 

3. For each edge of Gi connect the corresponding vertices in Ii to all vertices 
of one of the m cliques; use a different clique for each edge of Gi and repeat 
this for all graphs Gj. Finally each clique Ki will have a pair of neighbors in 
each independent set Ij corresponding to an edge of Gj . 

We define the cross-composed instance x' as {G' ,k' ,{_]JCi), where the target 
treewidth ]s k' = (t—l)-n + k. We observe that G' — [J /Cj =Xi® . . .®Xi is a co- 
cluster graph, and that the size of the modulator IJ/Cj, i.e., the parameter value 
of x' , is polynomial in max^ \xi\, fulfilling the definition of a cross-composition. 
Finally, it is easy to see that the construction can be performed in time polyno- 
mial in \xi\ + k. 
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For correctness of the cross-composition it suffices to show that 

tw{G')<k' ^{t-l)-n + k ^ 3i e [t] : tw{Gi) < k. 

: Let i G [t] such that tw(G'i) < k and let T be a tree decomposition 
of Gi of width at most k; we construct a tree decomposition T' for G" of width 
at most {t — 1) ■ n + k. 

Let ii := Uj/i^ji the set containing the {t — 1) ■ n vertices of all inde- 
pendent sets except Ii. We add the set Ii to all bags of T obtaining T' ■ Now, 
let {p, q} be any edge of Gi. There must be a bag of T that contains p and q and 
hence there is a bag of T' that contains Ii U {p, q}. Thus for each clique ICj of G' 
with neighbors p,q £ Ii there is a bag of T' that contains all neighbors of JCj , 
since all other neighbors are in Ii. Hence to that bag we may append a new bag 
of size {n + 1) + 2t containing all vertices of the clique as well as its 2t neighbors 
in Ti U . . . U . This way we obtain a tree decomposition for G" of width 

max{(n + 1) + 2t - 1, (t - 1) • n + k}. 

Since t > n (and ignoring the case that n < 4 in which the brute force solution 
of all instances Xi suffices) this tree decomposition for G" has width {t~'l)-n + k. 

: Let tw(G') < k' and let T be a tree decomposition of G' of width 
at most tw(G') < k' — {t — 1) ■ n + k. We will first show how to get a tree 
decomposition for G" := Gi (8) ■ • • (8 Gt of at most the same width. Second, we 
will apply Corollary |3] to get that 3i £ [t] : tw(Gi) < k. 

We remark that G' and G" are very similar in that they contain the join 
of t n- vertex independent sets as (not necessarily induced) subgraphs. It suffices, 
therefore, to ensure that the edges inside the copies of graphs Gi in G" are 
properly represented in T. 

Let {p, q} be an edge of any graph Gi and consider the corresponding vertices 
in Ii in G'. The vertices p and q have {t — 1) ■ n shared neighbors in the other 
independent sets (on account of the join edges). Furthermore, both vertices are 
adjacent to one of the n-f 1-vertex cliques, say JCj, by construction of G'. Hence, 
they have at least t ■ n + 1 > tw(G') -I- 1 shared neighbors; it can be easily seen 
that the treewidth of G' is at most t ■ n~ 1: Indeed, making one bag of size t ■ n 
containing the vertices of the independent sets Ii, . . . ,2t and adding an adjacent 
bag for each clique ICj, containing the vertices of the clique and its 2t neighbors, 
suffices to get a tree decomposition of width t ■ n — 1 (we note that the size of 



the bags for the cliques isn + l + 2t<t-n when t > n > A). By Lemma 16 this 
implies that there must be a bag of T that contains both p and q. 

The previous argumentation holds for all edges of any graph G;. Therefore, 
by discarding the vertices of the cliques /Ci, . . . , /Cm we obtain a tree decompo- 
sition T' for G", since the edges of graphs Gi are the only ones that are present 
in G" but not in G'. Clearly, T' has width at most tw{G'). 

By Corollary [3] this implies that 

(t - 1) • n -I- fc > tw(G') > tw(G") = {t-l)-n + mintw(G,). 
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It follows that niinitw(Gi) < k, i.e., that at least one graph Gi has treewidth 
at most fc, as we claimed. 

Thus the cross-composed instance x' is yes if and only if at least one in- 
stance Xi is yes. This completes the proof. □ 

Proposition 5. Treewidth parameterized by a modulator to co-clus- 
ter GRAPHS is fixed-parameter tractable. 

Proof. Let G be a graph which has deletion distance ^ to a co-cluster graph. Since 
co-cluster graphs are exactly the Pa-free graphs, we can find a minimum-size set 
of vertices X such that G — X is a co-cluster graph by applying a bounded-depth 
branching algorithm, finding a P3 in the graph and branching on which of the 
three vertices to put into the set. Such a procedure can easily be implemented 
to run in 0(3^n^) time. 

Having found the set 5, it is easy to identify the (complements of) clusters in 
the graph G — X; these are cliques in the complement of G — X. Let Ci, . . . ,Gr 
be the co-clusters of G — X. Observe that in any chordal supergraph G' of G, 
there can be at most one co-cluster Ci which does not induce a clique in G' . 
To see this, suppose that there are two co-clusters Ci and Cj which do not 
induce a clique in G'; then there is a non-edge {ui,vi} £ G'[Ci] and a non- 
edge {^2,^2} S G'[Cj]. But then {ui,U2,Vi,V2) must be a chordless cycle of 
length 4 in G' contradicting the assumption that G' is chordal; the existence 
of the edges {1/1,1*2}, {u2,vi}, {vi,V2}, {v2,ui} follows from the fact that the 
two vertices of each pair belong to different co-clusters. Hence in any chordal 
supergraph of G we know there is at most one co-cluster which does not induce 
a clique. It follows from this observation that the treewidth of G is the minimum 
of the treewidth of a graph in Gi , . . . , G^, where the graph Ci is obtained from G 
by completing all clusters except G, into a clique. Hence it suffices to show how to 
compute the treewidth of such a graph Gi in FPT time. Observe that a graph Gi 
has a restricted structure: after completing all the co-clusters except d into a 
clique, we actually have that Gi[[jj^^ Cj] is a clique. Hence a graph d composes 
into the co-cluster Ci (which is an independent set), the deletion set X, and a 
clique [jj^.Cj. 

We will define a partition of the vertex set of Gi into sets of vertices which 
have similar neighborhoods. Take a singleton set {w} for each vertex v £ X. 
Partition the vertices of Ci into at most 2^ sets, putting vertices of Ci which have 
the same set of neighbors in X into the same set. In the same way, partition 
the vertices of [Jj^i Cj into at most 2^ sets depending on their neighborhood 
in the set X. It is not hard to verify that we end up with a partition into at 
most 2 • 2^ + sets. For every set Q in the partition, for all subsets Q' C Q 
the vertices of Q' have the same neighbors outside Q. This follows from the 
fact that Ci is an independent set, IJj^^i Cj is a clique and all vertices of Ci are 
adjacent to all vertices of Uj^^iQ- This partition shows that if we consider a 
modular decomposition of Gi, any prime subgraph of Gi has at most 2 ■ 2^ + £ 
vertices, since two vertices from the same set of our partition form a non-trivial 
module. By a result of Bodlaender and Rotics [12l Corollary 13] the Treewidth 
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problem can be solved in f{n,m) + n + m time on graph G;, where f{n,m) is 
the time to compute the Weighted Treewidth of a prime subgraph of G, 
on n vertices and m edges. Since we have shown that the number of vertices in 
such a prime subgraph is bounded by a function in £, it follows that f(n,m) 
can be bounded by a function depending only on £ (any brute-force algorithm 
to solve Weighted Treewidth will suffice) , implying that the treewidth of d 
can be computed in f{£)n^^'^^ time. Since we can compute the treewidth of G 
by computing the treewidth of all graphs Gj for 1 < i < r, and r is bounded by 
the number of vertices in G, this implies that Treewidth parameterized by 
DELETION distance TO A CO-CLUSTER GRAPH is fixed-parameter tractable. □ 

B.3 A kernelization lov^rer bound for Weighted Treevifidth 
parameterized by a vertex cover 

The Weighted Treewidth problem asks for a given vertex weighted graph G 
and integer k, if the weighted treewidth of G is at most k. Preprocessing heuris- 
tics for the problem were considered in |18| . We consider a parameterized version 
of this problem, where we choose the size of a vertex cover as the parameter: 

Weighted Treewidth parameterized by a vertex cover 
Instance: A graph G = {V,E), a weight function w : — )■ N, an inte- 
ger k, and a vertex cover S C V oi G. 
Parameter: £ := \S\. 

Question: Does G have a tree decomposition of weighted width at 
most k with respect to w7 

We show that Weighted Treewidth parameterized by a vertex co- 
ver (WTWVC) does not admit a polynomial kernelization unless the polynomial 
hierarchy collapses. To this end, we will extend the construction which we used 
for the cross-composition of Treewidth into Treewidth parameterized by 

A MODULATOR FROM CO-CLUSTERS. 

Theorem 12. Weighted Treewidth parameterized by a vertex cover 
does not admit a polynomial kernelization unless NP C coNP/poly. 

Proof. We prove the theorem by giving a cross-composition from the classic (un- 
weighted) Treewidth problem to Weighted Treewidth parameterized 
BY A vertex cover (WTWVC). We reuse the polynomial equivalence relation 
from Theorem [m Accordingly, let xi, . . . ,xt he t instances of Treewidth, each 
instance Xi asking whether some graph Gi on n vertices and m edges has a tree 
decomposition of (unweighted) width at most k. We will create a cross-composed 
instance x' of WTWVC which is yes if and only if one of the instances Xi is yes. 

For a start we repeat the construction from the proof of Theorem [TT] We 
obtain a graph G' consisting oi Ii (E) ■ ■ ■ ^ It, i-e., a join of t independent sets 
each on n vertices, as well as m cliques /Ci, . . . , Km each on n + 1 vertices. We 
have that tw(G') < k' = {t—l)-n + kii and only if at least one of the graphs Gi 
has treewidth at most k. 
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We will now construct a graph G" from G' by removing the edges between 
the independent sets and replacing them by new vertices of high weight. The 
new vertices together with the vertices of the cliques /Ci, . . . , /C„i will constitute 
a vertex cover of G": 

~ Remove all edges between the vertices of Ii , . . . , If ; their union now induces 
an independent set. 

— Add new vertices Wp,ij- and v'^ ^ ^ for all p G [logi] and i,j G [n] and let their 
weight he k' + 1 — t. Connect each Wp,i j- as follows: 

• Make an edge between Vp^ij and the ith vertex of all independent sets Ir 
for which the pth bit of r is 0. 

• Make an edge between Wp,i j- and the jth vertex of all independent sets Xr 
for which the pth bit of r is 1. 

Do the same for the v' , , vertices. 

There are 2 log t ■ such vertices and their weights can be encoded in a 
number of bits that is polynomial in n + logt. 

Let us first observe that the set of all vertices Vpjj and Vp , ^ together with the m- 
{n + 1) vertices of the m cliques /Ci, . . . , JCm constitute a vertex cover of G" of 
size 2 log t-n^ + m- i.e., polynomial in n+logt; we denote this vertex cover 
by S. As the composed instance we return (G", fc', S) where w assigns weight 
one to all vertices except Vp^ij and Vp^^ j which are assigned weight k' + 1 — t. 

For correctness of the cross-composition it suffices to show that G" has 
treewidth at most k' if and only if at least one graph Gi has treewidth at most k: 

(■^=) : Assume that some graph Gi has treewidth at most k and let T be 
a matching tree decomposition. We know from the proof of Theorem [TT] how 
to construct a tree decomposition T' of G' by adding the set li = IJj^i^j 
each bag of T and adding additional bags for the cliques /Ci, . . . , JCm. It suffices 
to check that we can extend this tree decomposition to include also the v.^.^. 
and v'. vertices. 

Consider some vertex Vp^a,b and let u be its neighbor in Xi (which corresponds 
to the graph Gi chosen above). There is a bag of T that contains u. Hence, there is 
a bag of T' that contains iiU{u} and, therefore, all neighbors of Wp,a,b- Adjacent 
to this bag we may add a new bag containing Vp^a,b and its t neighbors in the 
independent sets; its total weight isfc' + l— t + t = fc' + l. Thus, applying this 
procedure for all vertices v.^.^. and v'. . . does not increase the treewidth above k' . 
We obtain a tree decomposition for G" of width at most k' , as claimed. 

(=^) : Now, assume that the treewidth of G" is at most k" and let T be a 
tree decomposition of G" of width at most k' . Our strategy is to construct a tree 



decomposition for G' of at most the same width. From the proof of Theorem 11 
it will then follow that at least one graph Gi has treewidth at most k. 

Note that the difference between G' and G" lies in the presence of the join 
edges between the independent sets in G" versus the additional vertices v. . . 
in G". 

We will show that for any two vertices i,j from different independent sets Xr 
and Is,r s, there is a bag of T that contains both i and j (here we identify the 
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vertices directly with their number in the independent set). Since r ^ s there 
must be at least one position p G [log t] where the binary expansions of r and s 
differ. Thus either Vp^ij or Vp j i (depending on the pth positions of r and s) must 
be adjacent to both i and j. W.l.o.g. (hence also v'^ ^ j) is adjacent to i and j 
in G" . Thus i and j have shared neighbors with a total weight exceeding the 
width of 7~: 

2 - {k' + l-t) ^ k' + {k' + 2- 2t) 

= k' + {{t-l)-n + k-2{t- 1)) > k', 

when n > 3. Hence, in T there must be a bag that contains both i and j, by 
Lemma [TBI Thus for any two vertices from different independent sets there must 
be a bag of T that contains both. Since edges between such pairs of vertices 
are the only edges that we find in G' but not in G" , removing all vertices Vp^ij 
and Vp j ■ yields a tree decomposition for G" of width at most k' . Thus, following 



the proof of Theorem 11 at least one graph Gi has treewidth at most k. 



Hence, x' is yes if and only if at least one instance Xi is yes. □ 

To justify the kernel lower-bound, we provide a short argument showing that 
Weighted Treewidth parameterized by a vertex cover belongs to the 
class FPT. 

Proposition 6. Weighted Treewidth parameterized by a vertex co- 
ver is fixed-parameter tractable. 

Proof. This follows from the work of Bodlaender and Rotics [12J by considera- 
tions regarding modular decomposition, similar as in the proof of Proposition [5j 
Given a graph G = (V, E) and weight function w, we can obtain an equiv- 
alent unweighted graph G' such that the weighted treewidth of (G, w) is equal 
to the (unweighted) treewidth of G' , by replacing each vertex w e G by a clique 
of size w{v). If we start with a weighted graph G — {V,E) which has a vertex 
cover X of size £, and let G' be the resulting unweighted graph, then the max- 
imum number of vertices in a prime subgraph of G' is bounded by a function 
of £ alone: if we replaced a vertex v € V hy a clique of w{v) vertices, then no 
prime subgraph can contain two or more vertices from such a clique since they 
would form a module. Similarly, no prime subgraph can contain two vertices 
from G — X which have the same set of neighbors in X. Hence the maximum 
number of vertices in a prime subgraph of G' is bounded by 0{2^ + £) which 
implies by a result of Bodlaender and Rotics [T^] that the treewidth of G' (and 
therefore the weighted treewidth of G) can be computed in f{£)vP'^^'^ time. □ 



